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Abstract
In this work, we obtain bound states for a nonrelativistic spin-half neutral particle under the
influence of a Coulomb-like potential induced by the Lorentz symmetry breaking effects. We present
a new possible scenario of studying the Lorentz symmetry breaking effects on a nonrelativistic
quantum system defined by a fixed space-like vector field parallel to the radial direction interacting
with a uniform magnetic field along the z-axis. Furthermore, we also discuss the influence of
a Coulomb-like potential induced by Lorentz symmetry violation effects on the two-dimensional
harmonic oscillator.
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I. INTRODUCTION
Symmetries are fundamental guides when one intends to systematize the study of any
theory. In this sense, Lorentz and CPT invariances acquire supreme importance in modern
Quantum Field Theory, both symmetries being respected by the Standard Model for Particle
Physics. Discussions about symmetry breaking are well-known in nonrelativistic quantum
systems involving phase transitions such as ferromagnetic systems, where the rotation sym-
metry is broken due to the influence of a magnetic field. For relativistic systems, the study
of symmetry breaking can be extended by considering a background given by a 4-vector field
that breaks the symmetry SO (1, 3) instead of the symmetry SO (3). This new possibility
of spontaneous violation was first suggested by Kostelecky and Samuel [1] in 1989 indicating
that, in the string field theory, the spontaneous violation of symmetry by a scalar field could
be extended. This line of research is known in the literature as the spontaneous violation
of the Lorentz symmetry [1–3]. In the electroweak theory, a scalar field acquires a nonzero
vacuum expectation value which yields mass to gauge bosons (Higgs Mechanism). Similarly,
in the string field theory, this scalar field can be extended to a “tensor” field. Nowadays,
these theories are encompassed in the framework of the Standard Model Extension (SME)
as a possible extension of the minimal Standard Model of the fundamental interactions.
The gauge sector of SME [1, 4] covers a CPT-odd and a CPT-even subsectors [5–7], which
have been examined in several aspects concerning supersymmetry [8], vacuum Cherenkov ra-
diation emission [9], radiative corrections [10], Casimir effect [11], anisotropies of the Cosmic
Microwave Background Radiation [12], and between other interesting issues [13]. Further,
several works were devoted to examine consistency aspects of the CPT-odd subsector [14, 15]
and of the CPT-even one [16, 17]. The CPT-even gauge sector of SME is obtained by includ-
ing the gauge sector in the Lagrangian term,
(
−1
4
(KF )µνλκ F
µνF λκ
)
, with (KF )µνλκ being
a Lorentz-violating tensor. The tensor (KF )µνλκ is composed of 19 coefficients, where nine
of these coefficients are nonbirefringent and ten are birefringent, all of them endowed with
the symmetries of the Riemann tensor and a double null trace (KF )
µν
µν = 0. The effects of
this CPT-even electrodynamics on the fermion-fermion interaction was considered in Refs.
[18–20].
The Standard Model is believed to be a low-energy effective theory from a underlying
unified description of gravity and quantum physics at the Planck scale. Taking into account
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that a spontaneous Lorentz violations occurs beyond the electroweak scale, the search for a
theory of quantum gravity necessarily must include such violation. With this motivation,
one can analyse neutral fermions in a general coordinate system in order to investigate
the influence of the Lorentz violation on new properties of neutrinos moving in a curved
spacetime. An appropriate treatment to study possible extensions of the Standard Model
to a curved spacetime is via the tetrads formalism. SME was presented in the context of a
Riemann-Cartan spacetime in Ref. [21]. In the matter sector of SME, Dirac spinor fields
can be used for describing the matter-gravity couplings that are expected to dominate in
many experimental scenarios. A new possibility of experimental verification of the Lorentz
violation in these scenarios is promoted by background fields [22, 23].
The modified Dirac theory has already been examined in the literature [24], and, in the
nonrelativistic limit of the modified Dirac theory, the spectrum of energy of the hydrogen
atom has been discussed in [25–28]. Hence, there is an extensive amount of work looking at
the Lorentz violation, and numerous experimental bounds exist [3]. Recently, by introducing
nonminimal couplings with the background of the Lorentz symmetry violation, geometric
quantum phases [29–32] have been obtained [33–36]. Moreover, the Aharonov-Casher effect
[37] and the relativistic Anandan quantum phase [32] have been studied in the context of the
Lorentz symmetry breaking in [22]. This work has discussed that a new phase could detect
the presence of a background field through interference experiments. Then, we could verify
if the Lorentz violation describes neutrino oscillations, which makes of these measurements
sensitive probes of new physics [38]. Other studies of the influence of a symmetry breaking
background have been made for bound states for a relativistic neutral particle with an
analogue of the permanent magnetic dipole moment in the Lorentz symmetry violation
background [39], and for a charged particle describing a circular path in presence of a
Lorentz-violating background nonminimally coupled to a spinor and a gauge field [40].
In this work, we obtain bound states for a nonrelativistic spin-half neutral particle under
the influence of a Coulomb-like potential induced by the Lorentz symmetry breaking effects.
Here, we present a new possible scenario of studying Lorentz symmetry breaking effects
based on the assumption of a fixed space-like vector field background parallel to the radial
direction. Further, we also discuss the influence of a Coulomb-like potential induced by
Lorentz symmetry violation effects on the two-dimensional harmonic oscillator.
This paper is organized as follows: in section II, we present the Lorentz symmetry vi-
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olation background and give a brief review of the nonrelativistic quantum dynamics of a
Dirac neutral particle in this scenario. In the following, we obtain the bound states so-
lutions of the the Schro¨dinger-Pauli equation corresponding to having a spin-half neutral
particle under the influence of a Coulomb-like potential; in section III, we discuss the in-
fluence of the Coulomb-like potential induced by Lorentz symmetry breaking effects on the
the two-dimensional harmonic oscillator; in section IV, we present our conclusions.
II. COULOMB-LIKE POTENTIAL INDUCED BY LORENTZ SYMMETRY
BREAKING EFFECTS
In this section, we obtain the energy levels for bound states for a spin-half neutral particle
under the influence of a Coulomb-like potential induced by the Lorentz symmetry breaking
effects. Recently, we have proposed the study of the He-McKellar-Wikens effect [41] and the
scalar Aharonov-Bohm effect [32] based on Lorentz symmetry breaking effects by modifying
the nonminimal coupling proposed in [33, 34] and writing it in the form:
iγµ∂µ → iγµ∂µ − g bµ Fµν (x) γν , (1)
where g is a constant, and bµ corresponds to a fixed 4-vector that acts as a vector field
breaking the Lorentz symmetry violation. The tensor Fµν (x) corresponds to the usual
electromagnetic tensor (F0i = −Fi0 = −Ei, and Fij = −Fji = ǫijkBk), and the γµ matrices
are defined in the Minkowski spacetime in the form [42]:
γ0 = βˆ =

 1 0
0 −1

 ; γi = βˆ αˆi =

 0 σi
−σi 0

 ; Σi =

 σi 0
0 σi

 , (2)
with ~Σ being the spin vector. The matrices σi correspond to the Pauli matrices, and satisfy
the relation (σi σj + σj σi) = 2ηij. In this way, the Dirac equation (in Cartesian coordinates)
in the Lorentz symmetry violation background described by the nonminimal coupling (1) is
given by [43]
i
∂Ψ
∂t
= mβˆΨ+ ~α · ~p ψ − g b0~α · ~EΨ− g ~α ·
(
~b× ~B
)
Ψ+ g~b · ~EΨ. (3)
Our interest in this section is to discuss the nonrelativistic quantum dynamics of a spin-
half neutral particle under the influence of a Coulomb-like potential induced by Lorentz
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symmetry breaking effects. As discussed in Refs. [39, 43, 44], if we intend to work with
curvilinear coordinates, then, we need to apply a coordinate transformation ∂
∂xµ
= ∂x¯
ν
∂xµ
∂
∂x¯ν
,
and a unitary transformation on the wave function ψ (x) = U ψ′ (x¯). In this way, The Dirac
equation (3) can be written in any orthogonal system in the presence of Lorentz symmetry
breaking effects described in (1) as
i γµDµΨ+
i
2
3∑
k=1
γk
[
Dk ln
(
h1 h2 h3
hk
)]
Ψ− g bµ Fµν (x) γν = mΨ, (4)
where Dµ =
1
hµ
∂µ is the derivative of the corresponding coordinate system, and the pa-
rameter hk correspond to the scale factors of this coordinate system [44]. For instance, the
line element of the Minkowski spacetime is writing in cylindrical coordinates in the form:
ds2 = −dt2 + dρ2 + ρ2dϕ2 + dz2; then, the corresponding scale factors are h0 = 1, h1 = 1,
h2 = ρ and h3 = 1. Moreover, the second term in (4) gives rise to a term called the spinorial
connection [22, 39, 43–47]. Hence, after simple calculations, we obtain the nonrelativistic
limit of the Dirac equation (4) in cylindrical coordinates, which is given by the following
Schro¨dinger-Pauli equation [43]
i
∂ψ
∂t
=
1
2m
[
~p− i~ξ − g b0 ~E − g
(
~b× ~B
)]2
ψ + g~b · ~E ψ − g
2m
~σ · ~Beff ψ, (5)
where the vector ~ξ comes from the contribution of the spinorial connection, and it is defined
in such a way that its components are given by: −iξk = −σ32ρ δ2k. Moreover, we also have
the presence of an effective magnetic field ~Beff which is defined as [43]
~Beff = ~∇×
[
b0 ~E +
(
~b× ~B
)]
. (6)
From the Schro¨dinger-Pauli equation (5), we have studied recently the arising of bound
states for a nonrelativistic spin-half neutral particle under the influence of a Coulomb-like
potential produced by the presence of a radial electric field and a fixed space-like vector field
~b parallel to the radial direction [43]. In this paper, we consider a fixed space-like vector
field and a magnetic field defined as
~b = b ρˆ; ~B = B0 zˆ, (7)
where b and B0 are constants, and ρˆ and zˆ corresponding to unit vectors in the radial and
z directions, respectively. One should note that the presence of this uniform magnetic field
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and the choice of a fixed space-like vector field being parallel to the radial direction gives
rise to a new possible scenario for the measurement of the Lorentz symmetry breaking. In
a recent work [43], a Coulomb-like potential is yielded by the term g~b · ~E in Eq. (5), which
plays the role of a scalar potential. In the present case, a Coulomb-like potential is induced
by Lorentz symmetry effects through the term g
(
~b× ~B
)
in Eq. (5), which acts on the
neutral particle as a vector potential. In the following, we show that the background defined
in (7) yields a Coulomb-like potential allowing us to obtain bound states solutions for the
Schro¨dinger-Pauli equation (5). In this way, by using (7), the Schro¨dinger-Pauli equation in
cylindrical coordinates becomes
i
∂ψ
∂t
= − 1
2m
[
∂2
∂ρ2
+
1
ρ
∂
∂ρ
+
1
ρ2
∂2
∂ϕ2
+
∂2
∂z2
]
ψ +
1
2m
iσ3
ρ2
∂ψ
∂ϕ
(8)
+
1
8mρ2
ψ − igbB0
mρ
∂ψ
∂ϕ
+
(gbB0)
2
2m
ψ.
We can see in (8) that ψ is an eigenfunction of σ3, whose eigenvalues are s = ±1. Thus,
we can write σ3ψs = ±ψs = sψs. Note that the operators pˆz = −i∂z and Jˆz = −i∂ϕ [44]
commute with the Hamiltonian of the right-hand side of (8), therefore the solution of (8)
can be written in terms of the eigenvalues of the operator pˆz, and the z-component of the
total angular momentum Jˆz [56]:
ψs (t, ρ, ϕ, z) = e
−iEt ei(l+
1
2
)ϕ eikz Gs (ρ) , (9)
where l = 0,±1,±2, . . ., k is a constant, and G (ρ) is a function of the radial coordinate.
Since Eq. (8) is diagonal, then, substituting (9) into the Schro¨dinger-Pauli equation (8) we
shall obtain two non-coupled radial equations for both spins s = ±1. Therefore, in order to
write these two non-coupled equation in a compact form, we label Gs (ρ) and write:
G′′s +
1
ρ
G′s −
ν2s
ρ2
Gs − δ
ρ
Gs + ζ
2Gs = 0, (10)
where we have defined the parameters:
νs = l +
1
2
(1− s) ;
δ = 2gbB0νs + sgbB0; (11)
ζ2 = 2mE − k2 − (gbB0)2 .
Note that the fourth term of the left-hand side of Eq. (10) arises from the effects of the
Lorentz symmetry breaking, and plays the role of a Coulomb-like potential. Now, let us
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discuss the asymptotic behavior of the radial equation (10). For ρ→∞, we have
G′′s + ζ
2Gs = 0; (12)
thus, we can find either scattering states
(
Gs ∼= eiζρ
)
, or bound states (Gs ∼= e−τρ) if we
consider ζ2 = −τ 2 [48]. Our interest in this work is to obtain bound states, then, the term
proportional to δ behaves like an attractive potential by taking negative values of δ, that is,
by considering δ = − |δ| [48]. This is possible for g < 0 and B0 > 0 (we consider b being
always a positive number) or g > 0 and B0 < 0. Therefore, both these choices yield an
analogue of an attractive Coulomb potential. Thereby, we rewrite Eq. (10) in the form:
G′′s +
1
ρ
G′s −
ν2s
ρ2
Gs +
|δ|
ρ
Gs − τ 2Gs = 0. (13)
Next, let us make a change of variables given by r = 2τρ. Thus, the radial equation (13)
becomes
G′′s +
1
r
G′s −
ν2s
r2
Gs +
|δ|
2τ r
Gs − 1
4
Gs = 0. (14)
In order to obtain a regular solution at the origin for the second-order differential equation
(14), we can write
Gs (r) = e
− r
2 r|νs|Ms (r) . (15)
Substituting (15) into (14), we obtain the following second-order differential equation
rM ′′s + [2 |νs|+ 1− r]M ′s +
[ |δ|
2τ
− |νs| − 1
2
]
Ms = 0. (16)
The second-order differential equation (16) is known in the literature as the Kummer
equation or the confluent hypergeometric equation [49]. The function Ms (r) corresponds to
the Kummer function of first kind which is defined as
Ms (r) = M
(
|νs|+ 1
2
− |δ|
2τ
, 2 |νs|+ 1, r
)
. (17)
A finite radial wave function can be obtained when we impose the condition where the
confluent hypergeometric series becomes a polynomial of degree n (where n = 0, 1, 2, . . .).
This occurs when |νs| + 12 − |δ|2τ = −n [49, 50]. In this way, by taking (−τ 2) = 2mE − k2 −
(gbB0)
2, we obtain
En, l = − 1
8m
[2gbB0νs + sgbB0]
2
[n + |νs|+ 1/2]2
+
(gbB0)
2
2m
+
k2
2m
. (18)
7
The expression (18) correspond to the nonrelativistic energy levels for a neutral particle
under the influence of a Coulomb-like potential induced by the effects of the Lorentz sym-
metry violation background defined by the presence of a uniform magnetic field on the z
direction, and a fixed space-like vector field parallel to the radial direction.
III. INFLUENCE OF THE COULOMB-LIKE POTENTIAL INDUCED BY
LORENTZ SYMMETRY BREAKING EFFECTS ON THE HARMONIC OSCIL-
LATOR
In this section, we discuss the influence of the Coulomb-like potential induced by Lorentz
symmetry breaking effects obtained in the previous section on the two-dimensional harmonic
oscillator V (ρ) = 1
2
mωρ2. By following the steps from Eq. (7) to Eq. (11), we have the
following radial equation
G′′s +
1
ρ
G′s −
ν2s
ρ2
Gs − δ
ρ
Gs −m2ω2 ρ2Gs + ζ2Gs = 0, (19)
where νs, ζ and δ are defined in (11). Here, we consider the general case involving δ and ζ , in
other words, we do not need to consider the values corresponding δ = − |δ| and ζ2 = −τ 2 as
in the previous section. Next, we consider a new change of variables given by: ξ =
√
mω ρ.
Thus, we have
G′′s +
1
ξ
G′s −
ν2s
ξ2
Gs − δ√
mω ξ
Gs − ξ2Gs + ζ
2
mω
Gs = 0. (20)
Therefore, in order that the radial wave function can be regular at the origin, the solution
of the second order differential equation (20) is given in the form:
Gs (ξ) = e
− ξ2
2 ξ|νs|Hs (ξ) . (21)
Substituting (21) into (20), we obtain
H ′′s +
[
2 |νs|+ 1
ξ
− 2ξ
]
H ′s +
[
g − δ√
mω ξ
]
Hs = 0, (22)
where g = ζ
2
mω
− 2 − 2 |νs|. The function Hs (ξ) which is solution of the second order
differential equation (22) is known as the Heun biconfluent function [51–53]:
Hs (ξ) = H
[
2 |νs| , 0, ζ
2
mω
,
2δ√
mω
, ξ
]
. (23)
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Our goal is to obtain the energy levels for bound states for both signs of the Coulomb-like
potential. We use the Frobenius method [54, 55] in order that the solution of Eq. (23) can
be written as a power series expansion around the origin:
Hs (ξ) =
∞∑
m=0
am ξ
m. (24)
Substituting the series (24) into (23), we obtain the recurrence relation:
am+2 =
δ√
mω
am+1
(m+ 2) (m+ α¯ + 1)
− (g − 2m)
(m+ 2) (m+ α¯ + 1)
am, (25)
where α¯ = 2 |νs|+1 and a1 = δα¯√mω a0. By starting with a0 = 1 and using the relation (25),
we can calculate other coefficients of the power series expansion (24). For instance,
a2 =
(
δ√
mω
)2
1
2α¯ (α¯+ 1)
− g
2 (α¯ + 1)
;
(26)
a3 =
(
δ√
mω
)3
1
6α¯ (α¯ + 1) (α¯ + 2)
−
(
δ√
mω
)
g
6α¯ (α¯ + 1) (α¯ + 2)
−
(
δ√
mω
)
(g − 2)
3α¯ (α¯ + 2)
.
Note that the recurrence relation (25) is valid for both signs of the Coulomb-like potential,
that is, we can specify the signs of the Coulomb-like potential by making δ → ±|δ| in
(25). Therefore, in order to obtain finite solutions everywhere, which represent bound state
solutions, we need that the power series expansion (24) or the Heun Biconfluent series
becomes a polynomial of degree n. Through the expression (25), we can see that the power
series expansion (24) becomes a polynomial of degree n if we impose the conditions:
g = 2n and an+1 = 0, (27)
where n = 1, 2, 3, . . ., and g = ζ
2
mω
− 2 |νs| − 2. From the condition g = 2n, we can obtain
the expression for the energy levels for bound states:
En, l, s = ωn, l, s [n+ |νs|+ 1] + (gbB0)
2
2m
+
k2
2m
, (28)
where the angular frequency of the harmonic oscillator is now given by ω = ωn, l, s due to the
condition an+1 = 0. The condition an+1 = 0 allows us to obtain a expression involving the
angular frequency ω and the quantum numbers n, l and s [52]. By writing ω = ωn, l, s, we
have that the choice of the values of ω depends on the quantum numbers n, l and s in order
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to satisfy the condition an+1 = 0. Thereby, we are assuming that ω = ωn, l, s can be adjusted
in order that the condition an+1 = 0 can be satisfied. In the following, let us calculate the
values of the angular frequency for n = 1 and n = 2. For n = 1, we have
ω1, l, s =
δ2
2mα¯
=
[2gbB0νs + sgbB0]
2
2m (2 |νs|+ 1) , (29)
and for n = 2
ω2, l, s =
δ2
4m (2α¯ + 1)
=
[2gbB0νs + sgbB0]
2
4m (4 |νs|+ 3) . (30)
Hence, we have obtained the energy levels for bound states solutions of the Schro¨dinger-
Pauli equation (19) for the harmonic oscillator under the influence of a Coulomb-like poten-
tial induced by the Lorentz symmetry violation background. We have seen in the previous
section that bound states solutions can be achieved only if the Coulomb-like potential is at-
tractive. In contrast, we can see in (28) that the energy levels of bound states can be obtained
for both signs of the parameter δ given in (11), in other words, the bound state solutions
of the harmonic oscillator can be obtained for both attractive and repulsive Coulomb-like
potential induced by Lorentz symmetry breaking. Moreover, we can observe in (28) that
the degeneracy of the energy levels of the harmonic oscillator is not broken by the effects
of the violation of the Lorentz symmetry. Indeed, the principal influence of the Lorentz
symmetry breaking stems from the term g
(
~b× ~B
)
and the scenario defined in (7) is the
dependence of the cyclotron frequency on the quantum numbers n, l and s. The dependence
of the cyclotron frequency on the quantum numbers n, l and s means that not all values of
the cyclotron frequency are allowed, but a discrete set of values for the cyclotron frequency
[52, 55]. The other contribution of the Lorentz symmetry breaking to the energy levels of
the harmonic oscillator is given by a new term (gbB0)
2
2m
. This behaviour of the bound states
solutions of the harmonic oscillator is quite unusual because it is due to a vacuum contri-
bution, i. e., a neutral particle confined to the harmonic oscillator potential in presence of
this environment defined in (7) feels this particular vacuum polarization.
IV. CONCLUSIONS
In this work, we have discussed the arising of bound states solutions for the Schro¨dinger-
Pauli equation based on the effects of the Lorentz symmetry violation background. We have
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shown that the presence of a fixed space-like vector field parallel to the radial direction and a
uniform magnetic field on the z direction provides a new possible scenario of studying Lorentz
symmetry breaking effects by inducing a Coulomb-like potential in which bound states
solutions for the Schro¨dinger-Pauli equation can be achieved. We also have discussed the
influence of this Lorentz symmetry violation background on the two-dimensional harmonic
oscillator, and shown the dependence of the energy levels of the harmonic oscillator on the
Lorentz violating terms. Moreover, we have shown that Lorentz symmetry breaking effects
do not break the degeneracy of the energy levels of the harmonic oscillator, but impose a
dependence of the cyclotron frequency on the quantum numbers n, l and s. By comparing
with a recent study of Lorentz symmetry breaking effects whose scenario is defined by a
term which plays the role of a scalar potential [43], the case discussed in this work brings a
new point of view of studying Lorentz symmetry breaking effects given by a term that plays
the role of a vector potential. However, one should note that detecting Lorentz symmetry
violation effects at low energies is a problem in which any expected value given in terms
of vacuum is weak. In recent years, studies have established limits of energy in which this
breaking cannot be seen [33, 35, 36].
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